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Abstract—Various Riemannian optimization tasks, such as
Riemannian metaoptimization (RMQO) and Riemannian met-
alearning, can be formulated as Riemannian bilevel optimization
problems (i.e., the inner-level and outer-level optimization).
Implicit differentiation has shown effectiveness in solving RMO,
which decouples the computation of outer gradients from the
inner-level process, avoiding huge computational burdens. How-
ever, extending implicit differentiation to other Riemannian
bilevel optimization tasks is nontrivial because it requires much
expert involvement for case-by-case derivations. In this article,
we propose a Riemannian implicit differentiation method that
provides a unified expression for outer gradients, leading to
flexible application to other tasks with less expert involvement.
Specifically, we formulate the inner-level optimization as a root-
finding process of a fixed-point equation, through which the
inner-level optimization among different tasks is formulated in
a unified way. By differentiating the fixed-point equation, we
derive a unified expression for outer gradients, circumventing
the case-by-case derivations for different tasks. Then, we present
convergence analysis and approximation error analysis, which
guarantee the effectiveness of our method in various Riemannian
optimization tasks. We further conduct experiments on multiple
Riemannian optimization tasks, and the experimental results
confirm the effectiveness.

Index Terms—Hyperparameter optimization, implicit differ-
entiation, metalearning, metaoptimization, Riemannian bilevel
optimization.
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I. INTRODUCTION

IEMANNIAN bilevel optimization is a hierarchical

mathematical paradigm where the outer-level optimiza-
tion problem is enclosed in an inner-level optimization
problem with manifold constraints [1]. Such a problem can
be formulated as

mgn]-"(O) =F (X" (6,0

st. X"(0) =argminl(X,0) and X e M (1
X

where X are the inner-level parameters on the Riemannian
manifolds M, 6 are the outer-level parameters, F(-) is the
outer-level objective, and L(-) is the inner-level objective. The
goal of (1) is to minimize the outer-level objective function
F(X*(0),0), where X*(0) is obtained by solving the inner-level
optimization problem. Multiple Riemannian optimization tasks
can be naturally formulated as bilevel optimization problems,
such as Riemannian metaoptimization (RMO), Riemannian
metalearning (RML), and Riemannian hyperparameter opti-
mization (RHO) [2], [3], [4].

The key challenge in solving Riemannian bilevel optimiza-
tion lies in the heavy computational burden, since computing
the outer gradients requires differentiating through the whole
procedure of the inner-level optimization. Recently, Fan et
al. [5] proposed the efficient RMO (E-RMO) method that
utilizes implicit differentiation, significantly reducing the com-
putational burdens in Riemannian bilevel optimization. Briefly,
there are three steps in the derivation of implicit differentiation.
The first step is to find the stationary point X* in the inner-level
optimization. Then, (dX*)/(d@) is derived by differentiating
the optimal condition, where the gradients of the stationary
point are zero. Finally, the outer gradients are computed by
the chain rule.

However, applying this derivation of implicit differentiation
to other Riemannian bilevel optimization tasks (such as RML
and RHO) is nontrivial, as it requires much expert involve-
ment.

1) It requires complex case-by-case derivations of the
outer gradients for specific Riemannian optimization
tasks. Due to the variability in inner-level optimization
processes across different tasks, separate analyses are
necessary for differentiating the optimal conditions to
obtain the corresponding (dX*)/(d6).

2) It requires convergence analysis to guarantee the effec-
tiveness on specific tasks. Without the convergence
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analysis, the general applicability of Riemannian bilevel
optimization methods across diverse tasks cannot be
guaranteed. Given the complexity of Riemannian bilevel
optimization, applying the derivations by trial-and-error
is expensive and labor-intensive.

In this article, we propose a Riemannian implicit differ-
entiation method that provides a unified expression of outer
gradients to address the above two challenges. Specifically, we
formulate the inner-level optimization process as a root-finding
process of a unified fixed-point equation on Riemannian
manifolds. This, as we will show, boils down to defining
an update function with the outer-level parameters, which
takes Riemannian parameters as input and outputs the update
vector in the inner-level optimization. The proposed fixed-
point equation ensures that inner-level optimization across
different tasks is formulated in a unified way. Then, by
differentiating the fixed-point equation, we derive a unified
expression for the outer gradient computation. As a result, the
proposed method can be directly and easily applied to various
Riemannian optimization tasks, without any requirements for
case-by-case derivations.

The effectiveness of our method is demonstrated both the-
oretically and experimentally. Theoretically, we present the
convergence analysis and approximation error analysis for
the Riemannian implicit differentiation method. We provide
an upper bound for the approximation error in the proposed
method. We also prove that our algorithm can converge by
bounding the gradients. These analyses theoretically guarantee
the effectiveness of the proposed method across various Rie-
mannian optimization tasks. To the best of our knowledge, this
is the first convergence analysis for a Riemannian bilevel opti-
mization method, providing a critical theoretical foundation for
such methods. Empirically, evaluations on three Riemannian
optimization tasks: RMO, RHO, and RML show that our
method can achieve competitive (and even better) performance
compared with existing bilevel optimization methods.

In summary, our contributions are threefold.

1) We propose a Riemannian implicit differentiation
method for Riemannian bilevel optimization that pro-
vides a unified expression of outer gradients, avoiding
the expert involvement for case-by-case derivations.

2) We model the inner-level optimization process as a
root-finding process of a fixed-point equation, through
which the inner-level optimization across different tasks
is formulated in a unified way.

3) We provide the approximation error analysis and conver-
gence analysis, which guarantees that our method can be
effectively applied to various Riemannian optimization
tasks.

II. RELATED WORK
A. Riemannian Optimization

Gradient-based Riemannian optimization has emerged as a
powerful paradigm for solving optimization problems under
manifold constraints. The seminal work [6] introduces the
Riemannian gradient descent (RGD) method, which employs
Riemannian operations to comply with the constraints.
Bonnabel [7] extended RGD to stochastic settings, leading to
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a surge of research in Riemannian optimization. Subsequent
works either focus on manually crafting advanced Rieman-
nian optimizers to enhance the convergence of Riemannian
stochastic gradient descent (RSGD) or focus on automatically
learning optimizers through data-driven approaches.

Riemannian accelerated gradient methods [8], [9] introduce
acceleration techniques to Riemannian manifolds, leading to
enhanced convergence performance. Riemannian stochastic
gradient descent with momentum method [momentum Rie-
mannian stochastic gradient descent (RSGDM)] [10] extends
the idea of momentum from Euclidean spaces to Rieman-
nian manifolds, which uses previous update information to
speed up optimization. Riemannian variance-reduced gradient
algorithms [11], [12], [13] focus on reducing the variance of
stochastic gradients to improve the convergence of Riemannian
optimization. Riemannian adaptive optimization algorithms
[10], [14], [15] adaptively adjust learning rates and search
directions based on the geometry of the Riemannian parame-
ters, achieving convincing convergence performance. Rieman-
nian conjugate gradient descent (RCGD) method [16] develops
the conjugate gradient method to Riemannian manifolds, using
parallel translation and vector transport operations. Decentral-
ized RCGD method [17] introduces the first distributed RCGD
algorithm. Besides, several works [18], [19], [20] focus on
designing Riemannian min—max optimization methods to solve
the Riemannian min—max optimization problem.

RMO method (RMM), first proposed by Gao et al. [3],
aimed to automatically learn Riemannian optimizers in a data-
driven way. Concretely, Gao et al. [3] introduces a matrix
LSTM as the optimizer that takes gradients as input and gen-
erates step-sizes and search directions for symmetric positive
definite (SPD) manifolds. However, training such optimizers
brings the exploding gradient problem. To address this issue,
they propose a gradient-free optimizer on tangent spaces
for Riemannian optimization [21], which removes gradient
computation with respect to Riemannian parameters in the
inner-level optimization. Existing RMMSs impose significant
computational overhead due to the need for storage and dif-
ferentiation through the entire inner-level optimization process.
To solve this issue, they further introduce an E-RMO method
that utilizes implicit differentiation, where the computation
of the outer gradients is independent of the inner-level opti-
mization process, thereby reducing the computational costs.
While effective, implicit differentiation has not been applied
to other Riemannian optimization tasks, and applying Rieman-
nian implicit differentiation to other Riemannian tasks requires
expert involvement for case-by-case derivation. In contrast,
we propose a Riemannian implicit differentiation method with
convergence guarantees, which removes the expensive and
labor-intensive case-by-case derivation.

B. Bilevel Optimization

The origin of bilevel optimization can be traced back to the
Stackelberg competition [22]. Recently, various applications
in the domain of machine learning and computer vision are
formulated as bilevel optimization problems, including hyper-
parameter optimization [23], [24], metalearning [25], [26],
neural architecture search [27], [28], generative adversarial
learning [29], and deep reinforcement learning [30]. Bilevel
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optimization methods can be broadly classified into three
categories. Methods of the first category opt for investigating
the convergence analysis of bilevel optimization methods. The
first convergence analysis, presented by Ghadimi and Wang
[31], investigates the convergence performance of the bilevel
optimization method with the convex assumption. Subsequent
studies extend this analysis to bilevel optimization methods
to both deterministic and stochastic settings [32], [33]. The
second category of methods concentrates on developing more
robust bilevel optimization algorithms, addressing challenging
cases such as the absence of inner-level singleton assumptions
[34] and nonconvexity in the optimization problem [35].

Methods of the third category aim to overcome the noto-
rious challenge in the bilevel optimization problem: short
optimization iterations in the inner-level optimization process
result in the bias issue, while long optimization iterations
inevitably cause an intractable computational burden [36],
[37]. Regarding the bias issue, the work [38] introduces
the persistent evolution strategies method to obtain unbiased
gradient estimates and proves the unbiased estimate of true
gradients for quadratic losses. To address the computational
burden, implicit differentiation provides an analytic expression
for outer gradients, significantly reducing the time and memory
complexities [39], [40]. Subsequent research has extended
implicit differentiation to specific tasks such as automatic data
generation [41] and auxiliary learning [42], as well as to
more restrictive problems like linearly constrained [43] and
lasso-type bilevel optimization problems [44]. Moreover, the
Hessian-free method [45] is proposed to reduce training time
by avoiding explicit Hessian computations, and later extended
to handle nonconvex inner-level problems [46]. Besides, Liu
et al. further propose a Moreau envelope-based Hessian-free
method and provide the nonasymptotic convergence analysis
[47]. In contrast, we focus on reducing the computational bur-
den in Riemannian bilevel optimization, where parameters are
endowed with Riemannian constraints. Besides, the proposed
Riemannian implicit differentiation method can be directly
applied to various Riemannian optimization tasks without the
need for case-by-case expert-driven derivations.

III. BACKGROUND
A. Riemannian Manifolds

A smooth Riemannian manifold M is a topological space
that is locally Euclidean [6]. The tangent space to M at X
denoted by TxM is the set of all tangent vectors to M at
X. In this article, we consider four popular manifolds, namely
hyperbolic, Stiefel, Grassmann, and SPD manifolds.

1) Hyperbolic Manifolds: A hyperbolic manifold H? is a
smooth manifold with a constant negative curvature [48]. In
this article, we choose the Poincaré ball model to work with,
which is commonly used in the fields of image processing
[49], [50]. It is defined as H? = {X € R%,||X]| < 1} with the
curvature being —1.

2) Stiefel Manifolds: A Stiefel manifold St(p,d) denotes
the set of all d x p matrices with orthonormal columns [51]

St(p,d)={X R’ : XX =1,} 2)

where p < d and T is a transpose operation.

3) Grassmann Manifolds: A Grassmann manifold G(p, d)
is formally defined as the quotient of the Stiefel manifold
St(p,d) through the following equivalence class [52]:

[M]={MR: M e St(p,d),R € O (p)} 3)

where O(p) denotes the orthonormal group, i.e., R € RP*?
with R"R = RR" =1,.

4) SPD Manifolds: A square matrix X € R?*? satisfying
X = X" and v"Xv > 0 Vv € R?\{0} characterizes an SPD
matrix [53], [54]. An SPD manifold Symj is consequently
identified as a set of all d x d SPD matrices

Sym; = {XeR™: X=X"y"Xv>0 VveR\{0}}.
4)

B. Riemannian Optimization

In general, the RGD update [7] is formulated as

L (x*
XD =T (—f'”X‘” (%)) 5

where X denotes the Riemannian parameters at time 7, 9
denotes the partial derivative, (AL(X?))/(0X") is the gradi-
ents with respect to X’ on Euclidean spaces, and & is the
step-size. Due to the nonlinear search space of Riemannian
manifolds, the retraction operation I'y« (-) and orthogonal oper-
ation myo(-) are utilized to preserve the manifold constraint.
Here, we give the definitions of two operations and their
specific expressions on four manifolds.

1) Orthogonal Projection: The orthogonal projection
mxw(-) : R = TxM takes Euclidean gradients as input, and
outputs an update vector for the Riemannian parameters that
are located on the tangent space Tx M.

2) Retraction Operation: The retraction operation I'x(P) :
TxM — M,P € Ty M maps the tangent vector onto the
manifold with a local rigidity condition [55].

C. Riemannian Bilevel Optimization

Recall that Riemannian bilevel optimization is defined as
m(jn}'(e) = F (X" (0),0)
st. X'(0) =argminl(X,0) and X € M. (6)
X

Here, we introduce three commonly used Riemannian tasks
that are modeled as Riemannian bilevel optimization.

1) Riemannian Hyperparameter Optimization: The goal of
RHO is to find optimal hyperparameters 6 that minimize the
loss at the end of training on the validation set. In RHO, 6 are
the hyperparameters (e.g., learning rate) and X are the weights
of a network. In the RHO task, the inner-level update process
is formulated as

L (X (o)
(+1) _ - _
X =Tyo ( & X mxo ( 9X" () . @)
The outer-level parameters on the Euclidean spaces are opti-
mized by the gradient descent algorithm
dF
de"”
where e denotes step size of the outer-level parameters 6.

0(f+1) — 0(1) —eX

®)
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2) Riemannian Metaoptimization: The goal of RMO [3] is
to train a Riemannian optimizer gy(-) that is parameterized
by a neural network, where 6 are parameters of the network,
and X are Riemannian parameters to be optimized. In the
RMO task, the inner-level optimization aims to utilize the
learnable optimizer gy(+) to update the Riemannian parameters

X according to
L (X (o)
X" (6) ' ®

X(t-H) =T X0 (80 (

RMO optimizes € in the outer-level optimization process via
(8).

3) Riemannian Metalearning: The goal of the RML task is
to train an initialization € that aggregates knowledge of various
subtasks and can be trained to adapt to new subtasks. In the
RML task, the inner-level optimization process aims to set 6
as initialization, and optimizes the inner-level parameters X as

XY =Ty (g (=€ x VL(9))), if t=0
()
XU = I'yo (ﬂ'x(n (—f X M)) , if t>0.

X" (0)
Similarly, RML optimizes # in the outer-level optimization
process via (8).

D. Analysis of Riemannian Bilevel Optimization Problem

The outer gradients need to unroll the whole inner-level
optimization process, which brings a heavy computational
burden since it depends on the whole inner-level optimization
trajectory. Here, we take the RMO problem as an example to
analyze. By the chain rule, the outer gradients are given by

ax®  gy*-n I ox®
X(T) Z Y(k D’ o6 1:111 aX(l—l)
ax? )

L 9x0 L
oy gve (xD) ox?
(11)

where Y = g¢((0£)/(0X)).

Apparently, (11) includes products of Hessian matrix
(0*L)/(0X*) and partial derivatives (0X?)/(0X""V) and
@XD) /(@YD) of the retraction operation, over all inner-
level optimization steps. This imposes heavy computation
loads. Furthermore, (11) depends on the whole inner-level
optimization path explicitly, which needs to be completely
stored in memory. The time and space complexities of (11)
are proportional to the inner-level optimization length (which
will be proved in Section IV-D).

IV. METHOD

In this section, we first review the E-RMO method [5],
which explores the idea of implicit differentiation to solve the
computational burden in RMO tasks. To reduce the human
involvement in E-RMO, we propose the Riemannian implicit
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differentiation method that generalizes the idea to various Rie-
mannian optimization tasks, avoiding case-by-case analyses
and derivations.

A. Implicit Differentiation in E-RMO

Implicit differentiation in the RMO task is introduced by
decoupling the outer gradients from the inner-level optimiza-
tion process [5]. Suppose that the exact solution X* in the
inner level, i.e., (0£)/(0X*) = 0. On the RMO task, based
on its inner-level optimization process in (9), the result of
differentiating (0L)/(0X™) =0 is

0 (oL _ L dx* _
00 \ox* ) ox** do
By utilizing the chain rule and the results in (12), one can
derive the outer gradients, as shown in Proposition 1.

12)

Proposition 1: On the RMO task, the outer gradients are
given by

ox* dy’

o g 1P

g (9]-' .4
do ~— ox' \ ax’

-1
X" Ay’ 325)
4 L %2

Y’ 925 ox

where X’ is the Riemannian parameters that are the results of
previous iterative steps of X*, and Y’ = g¢((0L£)/(0X")).

The proof of Proposition 1 is provided in the supplementary
materials.

Notably, the derived outer gradients of the RMO task in
(13) are independent of the inner-level optimization process,
thereby reducing the computational burden.

However, applying this derivation to other Riemannian tasks
is nontrivial, as it causes much expert involvement for complex
case-by-case derivations of the outer gradients on specific
Riemannian tasks. We take the RHO as an example. On the
RHO task, due to the change of the inner-level process in (7),
the result of differentiating (9£)/(0X™) = 0 becomes

2 2 *
ﬁ(ﬁ)zﬁ oL, (14)
00 \ 0X~ 0X 00 = ox** do
By arranging the results in (14) and utilizing the chain rule,
the outer gradients can be derived, as shown in Proposition 2.

Proposition 2: On the RHO task, the outer gradients are

given by

OF (L &L

ra ( X*z) 0X* 00

1) Our Finding: By comparing (7) and (9), as to different

Riemannian optimization tasks, the inner-level optimization
processes are various. Obviously, different inner-level opti-
mization processes lead to different differentiation processes
of (dL)/(dX*) = 0, as shown in (14) and (12). This causes
outer gradients for various Riemannian optimization tasks
to be different and case-specific. In other words, to apply
the idea of implicit differentiation in the E-RMO method to
other Riemannian optimization tasks, one needs case-by-case
derivations.

dF O0F

a6~ 96 (1)
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B. Riemannian Implicit Differentiation for Various
Riemannian Tasks

To avoid the case-by-case derivations, we propose a Rie-
mannian implicit differentiation method. We uniformly model
the inner-level problem as a root-finding process of the fixed-
point equation on the Riemannian manifolds. Specifically, we
define an update function fy(-) with the outer-level parameters
6, which take Riemannian parameters X as input and generates
the updated vector of X in the inner-level optimization. In
doing so, we first compute the loss on the training set and
obtain the gradients of Riemannian parameters (9L)/(0X).
Then, we compute the update vector fyp(X) according to
(0L)/(0X). For example, on the RMO task, the update function
f(-) is actually realized as the learnable Riemannian optimizer

go(") or
Jo(X) =gg (6_X) .

As to other Riemannian optimization tasks, the update func-

tion f(-) is realized by orthogonal projection to project the
gradients (0L£)/(0X) onto the tangent space

0L (X (6))
0X (6) ) '

In this way, the inner-level problem of Riemannian bilevel
optimization can be modeled as

XD = T (s (X)),

(16)

Jo(X) = —§><7TX( (17

(18)

Suppose X* is the stationary point of inner-level optimization,
we have (0L£)/(0X*) = 0. By utilizing fp(0) = 0 and
I'x(0) = X, we model the inner-level optimization process as a
root-finding process of a fixed-point equation on Riemannian
manifolds

X =Ty (fo(X9).

This ensures the inner-level optimization processes of various
Riemannian tasks are modeled in a unified way.

The stationary point of inner-level optimization is the
solution of (19). Thus, by solving (19) on the Riemannian
manifold, we can obtain the stationary point of the objective
function £(-). Based on the stationary point, we can compute
the gradients in the outer-level process. From the chain rule,
the outer gradients are computed as

dF _oF oF dx°
g~ 00 ' X" de
where the direct gradients (0.F)/(06) and (0.F)/(0X") can be

computed easily. Now we focus on (dX*)/(d6). By differenti-
ating the fixed-point equation in (19), we have that

dX*  dUy (fy (X))
do de : D

By the chain rule, (dI'x*(fg(X™)))/(d6) can be expanded as
dlx- (fo(X")) _ Ox (fo (X)) dX*
de B X de
Olx (fo (X)) Ofp (X)
dfg (X*) 06
Iy (fo (X)) 0fp (X)) dX*
0fp (X7) X" do -’

19)

(20)

(22)

We substitute (22) into (21) and have
dX* _ Uy (fy(X") dX*  Tx (fo(X*) 8fp (X*)

do ox* do 0fy (X7) 00
Iy (fo (X)) 0fp (X*) dX™ 23)
Ofy (X7) oxX* do-
By arranging the term, (23) can be computed as
dX* Iy (fo(X")) 0fy (X7)
=D =% fa (X*) 90 @4)
where
Je oy (fo*(X*)) oLy (fo (;X*)) Ofy ()f*). 25)
0X 0fg (X7) 0X
Then we have that
ax* o 0y (Jo (X)) 0fy (X7)
%—(1 J) o %) 90 (26)

By substituting (26) into (20), the outer gradients can be
computed implicitly as

dF _OF OF

= == 4 = L O x (fo (X)) 0fg (X™)
de ~ 00  OXxX*

Ofg (X7) 00

To apply the derived outer gradients to specific Riemannian
tasks, one only needs to define the update function fy(X®) of
the inner level and substitute it into (27) to obtain concrete
outer gradients. For example, on the RMO task, by utilizing
the update function in (16), the outer gradients of RMO are
obtained. Moreover, by substituting (dF)/(df) = 0 and (16)
into the outer gradients in (27), the gradients become the same
as the outer gradients derived in the E-RMO method [see (13)].
This indicates that E-RMO [5] is a special case of the proposed
Riemannian implicit differentiation method. On the RHO task,
by utilizing the update function in (17), the outer gradient of
RMO is obtained.

Thus, in our method, outer gradients for different tasks do
not need case-by-case analyses and derivations. The proposed
Riemannian implicit differentiation method can be applied
directly and easily for various Riemannian tasks, while the
implicit differentiation in E-RMO [5] can only be applied for
RMO.

aI-Jy-

27)

C. Implementation

To compute the outer gradients in (27), one needs the
stationary point X* for the inner-level optimization process,
while it is not trivial to obtain in solving (19). We consider an
approximate solution X to the inner-level optimization. Instead
of directly optimizing the specific loss function L£(-) in the
inner-level optimization, we use loss function £’ to replace L,
where the loss function £’ is defined as

L =X -Tx (foa X)) (28)

Then, we optimize £’ to obtain the approximation solution X.

Computing the outer gradients in (27) requires the inversion
of the matrix J that involves the Jacobian matrix. Due to
the high dimensionality of the Jacobian, it is intractable to
compute the matrix inversion for J. To alleviate this issue,
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based on Neumann series [8], [56], we compute the matrix
inversion, and we review (27) as

dF _OF OF Z o 'y (fa (X)) 0fs (X)

2
49~ 00 ' 9X afa (X) 00 (@9)
where J is rewritten as
_ 0y (fo (X)) | 9y (fo (X)) 0fe (X)
= = + - = 30)
0X Ofy (X) 0X

We approximate (29) by the first K terms in the infinite sum,
ie.,

(fo (X)) 9f0 (X)

dF 0F @ Ty
F ]—' ]—'Z(J)k

do ofs(X) 08 GD
which can be expanded as
S 0T (fo (X)) 07 (X)
0 fg ( ) 00
- [— O+t L (J)"}
X X )
O (o (X)) 9o (X) (32)
dfy (X) 00

We utilize an iterative manner to compute [(0.F)/ OX)(J)° +
OF)/@X)I)' + -+ -+ (0F)/(X)(J)*]. we first initialize two
intermediate variables v* and p° both as (dF)/(dX) and
iteratively update them as

vozd]:‘ ,:d]-' vk:d]:
0_ 1_4d +Z‘_§(J)1,...,pK
%g(DK' (33)
In this way, we have
frors o] Ly oo

k=0
Therefore, for iteration from i = 0 to i = K—1, the intermediate
variables are updated as
= pl it (35)
After K iterations, the approximated outer gradients in (31)
are computed as

IF ary (s ()) sy (X)

de 00 afy (X) 00
By using the specific expression of J in (30), the specific
format of intermediate vector v is

i1 . .
v1+ — vlJ, pl

oF

(36)

V — Varj( (f(j (X)) + Varj( (f() A(X)) 6f0 EX) . (37)
)¢ afy(X)  oX

Because the intermediate variables v and p are vectors in all
aforementioned iterations, computing (35) and (36) only needs
Jacobian-vector product [57], [58], [59], eliminating the need
of time-consuming and memory-consuming Jacobian in the
original formula in (27). The whole method is summarized in
Algorithm 1.
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Algorithm 1 Riemannian Implicit Differentiation

Input: Initial Riemannian parameters X initial outer-level
parameters 09, maximum iteration T of the outer-level,
maximum iteration K of Neumann series.

7=0.

1:

2: while 7 < T do

3: Approximate the solution X.

4: Compute the outer-level loss F X).

5: Compute the gradients %

o Pepa

7 i=0

8: while i < K do

9: Update intermediate vector v/ and p' via (35).
10: end while

11: Compute the implicit gradients by (36).
12: Update 6 by gradient descent algorithm.
13: end while

14: Return the outer-level parameters 6.

D. Complexity

1) Time Complexity: Some works show that the complexity
of computing gradients or Jacobian-vector products of a dif-
ferentiable function is no more than five times the complexity
of computing the function itself, and the complexity of com-
puting Hessian-vector products is no more than five times the
complexity of computing gradients, see [58], [60] for details.

By utilizing the above two principles, we compare the time
complexity of computing the outer gradients of our method
with the unrolling method. We denote the the unrolling outer
gradients as VF(0)" and denote the proposed outer gradients
as VF(0)*. The time complexity of VF(0)" satisfies that

O (VF(0)) <5T*O[Tx () + (%T2 + %T) O (fy ()

+ (25 T? — éT) OLO)+ 100 (F ().

2 2
(38)
While the time complexity of VF(0)* satisfies that
O (VF(O)) < K(100T' () + 50 (fo ()
+100(F () +50T () +50(fy (). (39)

Here, OT(:)), O(F(-)), and O(fy(-)) represent the time com-
plexity of the retraction operation, the loss function, and
the update function, respectively. As to the various Rieman-
nian manifolds and Riemannian tasks, O(I'(-)), O(F(-)), and
O(fy(+)) are various. We provide specific complexity analysis
in the supplementary materials.

Apparently, the computational complexity of our method
is independent of the maximum optimization steps 7T of the
inner-level optimization. With the increase of T, the time
for computing the outer gradients of the unrolling method
increases significantly, while the running time of our method to
compute the outer gradients is constant. Though our method is
related to the iteration steps K in the Neumann series, K is far
less than 7. Compared to the unrolling method, the proposed
method reduces computational complexity significantly.
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Since the implicit differentiation method in E-RMO [5] is
only designed for RMO, we compare the complexities of our
method with those of E-RMO in the RMO task. E-RMO
approximates the outer gradients as

T a% XK:(Z)k T (20 (%)) 250 (i)

= — (40)
dé  oX 1= 0ge (a—;) 00
where Z is
() mle)me
ox oL ox
380( X)
The time complexity satisfies that
dF
@ (%) < K100 (T () +50(ge (1))
+50(F () +50T () +50@ge (). (42)
As to our method, by substituting (0F)/(00) = 0 and the

update function in (16) into the outer gradients in (31), (31)
becomes the same as (40). Because O((F)/(8X)) = 0 and
O(fy(+)) = O(ge(+)), the complexity of our method in the RMO
task becomes the same as that of E-RMO method in (42).

2) Memory Cost: To compute the outer gradients, unrolling
methods need to save the entire inner-level optimization pro-
cess, including the inner-level parameters, their gradients, the
update vectors, the updated parameters, and the outer-level
parameters. As a result, these methods incur a memory cost
of (’)(4sz + H), where H is the size of the outer-level
parameters. This memory cost scales with the number of inner-
level optimization steps 7. Because the outer gradients only
depend on the final solution of the inner-level optimization,
we do not need to save the computation graph of the inner-
level optimization. In our method, we only need to save X',
(0L)/(0X), fo(X), Fy(fg(f()), and 0 in memory. The mem-
ory cost of our method is O(4d? + H). In E-RMO [5], X
(0L)/(0X), 80((0L)/(0X)), T3(6((L)/(8X))), and 6 are need
to be saved in the memory, and thus the memory cost is
O(4d* + H), which is consistent with that of our method.

V. THEORETICAL ANALYSIS

We provide the approximation error analysis and conver-
gence analysis for our method, which prove that our method
can be effectively applied to various Riemannian tasks.

A. Assumptions

Let F(X,0) is S Lipschitz continuous and Z smooth with
respect to X, and is B3 Lipschitz continuous with respect to 6.
We assume that ['x(Y) is 8; Lipschitz continuous with respect
to Y and p; Lipschitz continuous with respect to X. Let £(X, )
be strongly convex with respect to X.

Discussion: These assumptions are commonly used in
machine learning, especially in the bilevel optimization com-
munity, e.g., in the work of [33] and [61].

Moreover, we assume that fy(X) is @ Lipschitz continuous
with respect to X and a, Lipschitz continuous with respect
to 0; and assume I'y o fy(-) is B> Lipschitz continuous, and

B2 < 1. As to the derivative, we assume that (0fy(X))/(06) is
v1 Lipschitz continuous with respect to X and 7y, Lipschitz
continuous with respect to 6. (0fy(X))/(0X) is y; Lipschitz
continuous with respect to 6, and 4 Lipschitz continuous with
respect to X. (0I'x(Y))/(9Y) is A; Lipschitz continuous with
respect to X and p, Lipschitz continuous with respect to Y.

Discussion: These assumptions are also commonly used in
bilevel optimization. For example, as to (17), we only need the
Lipschitz continous assmuption of (AL)/(8X),(0*L)/(0X?),
and (0(0L)/(0X))/(90) to satisfy these assumptions. These
assumptions are also used in the proof of convergence analysis
in the work of [33] and [62].

B. Approximation Error Analysis

In (29), we utilize X to approximate the stationary point X*.
This approximation error is upper-bounded as shown below.
For convenience, we denote the approximated outer gradients
in (29) as V() and denote the outer gradients in (27) as
VF(@6).

Theorem 1: Supposing that Riemannian parameters X sat-
isfy

X -X| <6 (43)
the approximated outer gradients VF (0) satisfy
[VF@©) -VF@©)|<cs (44)
where C is a constant, and is computed by
¢ =SB+ s + praren) + efil
-5
8012,81 (,0261’1 + A1 + Brya +,02(l% + /110’1)
+ 5 .45
(I-p2)

We utilize_the first K terms of the Neumann series to
approximate V(@) in (36). This approximation error is upper-
bounded as shown below. For convenience, we denote the
outer gradients in (36) as VF@).

Theorem 2: Supposing that the assumption holds, the
approximated outer gradients VJF(6) satisfy
|VF @) -VF @) < A x BEH! (46)
where A and B are constants and are computed by
S
A=SWB 4 B=p, 47)
1-p

By using the triangle inequality, the whole approximation
error of our method can be summarized as

|VF @ -VF©®) < AxBH +Co (48)

The proofs of Theorems 1 and 2 are provided in supplementary
materials.

C. Convergence Analysis

To prove the convergence performance of our method, we
provide an auxiliary lemma as shown below.
Lemma 1: For any outer-level parameters 6, 6’

|VF@-VF(¢)| < Lo |6-6| (49)
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where Lg is a constant and is computed by

By + p2a3
-5

a +pra1ar+pra
Lq;=8|: Braz (Brys+praia+pr 2)j|—|—,83.

1 — 2
(1-p2) 50)

Motivated by the work of [33], we prove the convergence
of our method by bounding the gradients of the outer-level
parameters, which is provided in Theorem 3.

Theorem 3: Choose the step-size of the outer-level param-
eters 1/(8Lp) < e < 1/(4Lyp), and set the outer-level
optimization iteration number as I'. The outputs of our algo-
rithm satisfy

T 1 T+1
1 o 64 F(0)-F (6"
T 2 IVF O < S Lo T

=1
+ 64 x B2 1 60%8%.

(51

The proofs of Lemma 1 and Theorem 3 are provided in
supplementary materials.

D. Discussions

The theoretical analyses in our method are capable of
being applicable to all Riemannian manifolds. The theoretical
analyses are independent of the specific shape or topology
of the underlying manifolds and rely only on the fundamental
definition of Riemannian manifolds, that is, the tangent spaces
of the Riemannian manifolds are equipped with an inner prod-
uct [d, e]. As long as the manifold under consideration satisfies
this definition, the theoretical results hold. Specifically, the
conducted theoretical analysis requires the gradient compu-
tation and Lipschitz continuity assumptions of Riemannian
operations, both of which depend on the inner product defined
on the tangent spaces at each point on the manifold—the
fundamental definition of the Riemannian manifolds. Although
different Riemannian manifolds may have different inner
products, this only leads to variations in Lipschitz constants
B1, 01,02, 1, B2, a1, and vy, but does not affect the validity of
the assumptions. Thus, the variations do not affect the structure
or validity of our theoretical results in Theorems 1-3. These
variations only lead to different values for constants A, B,C,
and Lg on different manifolds. Manifold-specific convergence
and approximation guarantees can be derived by computing
the Lipschitz continuity constants of Riemannian operations
for the chosen manifold and substituting them into the general
expressions for A, B,C, and Lg.

Our theoretical results in Theorems 1-3 demonstrate that
both the approximation error and convergence performance
are strongly dependent on the precision of the inner-level
solution that is captured by ¢, and 6§ > || X" — b ¢ ||. A smaller &
leads to lower approximation error and improved convergence
guarantees. Our method can achieve a smaller ¢ by additionally
incorporating the second-order information in inner updates.
Specifically, existing methods minimize the loss function £(-)
in the inner-level optimization problem to update X by utiliz-
ing the classic first-order RGD method in (5). We can observe
that inner updates only contain first-order gradient information
(OL(XD(0)))/(0XP(8)). Instead of directly minimizing £(-),
we establish the inner-level optimization as a root-finding
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process of a fixed-point equation in (19), which is further
formulated as

X*(0) = argminL’ (X, 6) (52)
X

where

L'(X,0) = |IX - Tx (foy (X)) (53)

To update X, the gradients of X are formulated as
oL’
=X -Tx(fop(X)))'

X
" (1— Oy (fo (X)) 9Ty (fy (X)) 3fe (X)az_ﬁ)
0X Afy (X) X ox%)°

(54)

Compared with existing methods, our method improves the
precision of X by introducing second-order information
(0*L)/(0X?) into the updates in the inner-level optimization,
thereby reducing ¢. In this way, our method achieves smaller
approximation errors and better theoretical guarantees.

VI. EXPERIMENTS
A. Settings

We evaluate the performance of our method across three
tasks: RMO, RHO, and Riemannian metalearning.

1) Riemannian Metaoptimization: In the RMO task, we
compare our method with two unrolling-based RMMs: the
original RMM [3] and the gradient-free RMM (GF-RMM)
[21]. Moreover, we compare our optimizer with hand-designed
Riemannian optimizers: RSGD [7], RSGDM [10], and Rie-
mannian adaptive stochastic gradient algorithms (RASA) [15].
We conduct two experiments on RMO as shown below.

a) PCA on the Grassmann manifold: Principal compo-
nent analysis (PCA) aims to learn an orthogonal matrix X
that projects the original data to a lower-dimensional space,
while minimizing the squared residual errors between pro-
jected results and the original data. Given a set of samples
{y eR? },, the PCA task can be formulated as

1 n
min L(X:y)= - |y~ XXy (55)
i=1

XeG(p.d)
The orthogonal matrix X should satisfy the rotation invariance
property that enforces X to be on the Grassmann manifold. We
utilize the MNIST dataset to evaluate our optimizer.

b) Clustering on the SPD manifold: We also conduct
clustering experiments on the SPD manifold, using the Kylberg
texture dataset [63], where each image is represented by a 5 x5
covariance descriptor. Given a set of SPD points {y; € Sym;r},
the clustering task aims to find SPD centroids by solving the
following problem

min
(X}, eSymS

LX)=) d(y.X,)

i~vor

(56)

where i ~» r shows that sample y; is assigned to X,. We
adopted the affine invariance metric (AIM) [64] to compute
the distance between y; and the centroid X ;.
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To optimize the Riemannian bilevel optimization objective,
we utilize the learnable optimizer gg(-) to update the param-
eters on the Grassmann manifold and SPD manifold in the
inner level for T iterations, specifically. Then, the gradients
regarding the parameters 6 of the learnable optimizer are
computed by (36). Finally, we utilize the gradient descent
algorithm to update 6.

2) Riemannian Hyperparameter Optimization: For RHO,
we evaluate our method on the classification task using long-
tailed datasets. We observe that in the last fully connected
layer of the model, the amount of data in each class affects
the norm of the corresponding column in the layer. The class
that has a large amount of data usually has a large norm. In
addition, the small amount of tail class leads to overfitting. We
apply the orthogonal constraint to the fully connected layer to
keep each column having the same norm and alleviate the
overfitting issue.

We adopt the two-component weighting (TCW) method [69]
as the baseline, which proposes to weigh each training example
by a fixed component w and a trainable component 6. The
objective of RHO in our experiments is modeled as

m@in]—"(a) =1y (X" (0)

st. X" (@) = argmin (8 + w) I7 (X) &)
X

where Ir is the loss function on the training set and [y is the
loss function on the validation set. Here, we train the neural
network in the inner-level optimization and train € in the outer-
level optimization. Following the experiment setup in the TCW
method, we conduct experiments on two datasets, CIFAR-LT-
10 and CIFAR-LT-100, which are created by removing some
training examples from CIFAR-10 [71] and CIFAR-100 [71]
according to different power law distributions. We compare
our method with the hyperparameter optimization methods
that unroll the inner-level optimization to compute the outer
gradients on Euclidean spaces.

3) Riemannian Metalearning: The goal of RML is to learn
a suitable initialization 6 of a Riemannian model (e.g., a neural
network with weights complying with the geometry of a man-
ifold), enabling rapid adaptation with few training examples.
6 and X are networks in RML. We evaluate our method on a
few-shot learning task in the RML setting. Research proves
that modeling data on the tehyperbolic manifolds leads to
better performance [4]. Inspired by it, we project the Euclidean
features onto the hyperbolic manifold and build a hyperbolic
classifier via hyperbolic distances. Following the setting of
model-agnostic meta-learning (MAML) [72], we learn to
initialize the hyperbolic classifier. We conduct one-shot/five-
shot five-way experiments on two datasets: mini-ImageNet
[87] and tiered-ImageNet [67]. We compare our approach
with metalearning methods that compute outer gradients by
unrolling on the Euclidean spaces [72], [73], [74], [75], [76],
[771, [78], [79], [80], [81], [82] or hyperbolic space [4], [83],
[84], [85].

B. Convergence Analysis

We conduct convergence analyses on the RMO task. Con-
cretely, we train the Riemannian optimizer on the training

Testing set with p = 128

Training set with p = 128
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3 \ 3
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a \ 2
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=25 25
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Fig. 1. Plots for the PCA task (in the log scale).
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Fig. 2. Plots for the clustering task (in the log scale).

set and evaluate the convergence on both the training and
test datasets. Results are shown in Figs. 1 and 2. Among
the compared methods, ours achieves the best performance
in terms of the convergence speed and the obtained optima.
Moreover, ours converges to the smaller values (in log scale),
compared to the other methods. Specifically, in the PCA task,
ours converges to 2.36, while RMM and GF-RMM converge
to 2.38 and 2.37, respectively. In the clustering task, ours
converges to —1.58, while RMM and GF-RMM converge
to —1.51 and —1.51, respectively. These results show the
effectiveness and superiority of our method.

C. Accuracy Analyses

We conduct accuracy analyses on the RHO and RML tasks.

1) Riemannian Hyperparameter Optimization: The top-1
errors on test data are presented in Table I, showing our
method consistently outperforms others. For example, on the
CIFAR-LT-10 dataset, our method is 8.94%, 6.10%, 4.70%,
and 2.0% higher than the baseline method TCW, as to imbal-
ance ratios equal to 200, 100,50, and 20, respectively. And
our method is 3.24%, 4.58%, 3.82%, and 3.13% higher than
the baseline method TCW on the CIFAR-LT-100 dataset, as to
imbalance ratio equals 200, 100, 50, and 20, respectively. The
experimental results again demonstrate the superiority of our
method.

2) Riemannian Metalearning: Results are shown in
Tables II and III. The performance of our method surpasses
all compared methods, demonstrating the superiority of our
method.

D. Efficiency Analyses

Given that the idea of implicit differentiation in the E-ERMO
method [5] is designed to alleviate computational burden, we
conduct efficiency analyses on RMO and RHO tasks in terms
of both training time and memory usage.
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TABLE I
ToP-1 ERROR (%) ON CIFAR-LT-10/CIFAR-LT-100

CIFAR-LT-10 CIFAR-LT-100

Imbalance Ratio 200 100 50 20 200 100 50 20
Cross-entropy training 34.32 29.63 25.19 17.77 65.16 61.68 56.15 48.86
Class-balanced cross-entropy loss [65] 31.11 27.63 21.95 15.64 64.30 61.44 55.45 42.88
Class-balanced fine-tuning [66] 33.76 28.66 22.56 16.78 61.34 58.5 53.78 47.70
L2RW [67] 33.75 27.77 23.55 18.65 67.00 61.10 56.83 49.25
Meta-weight net [68] 32.8 26.43 20.9 15.55 63.38 58.39 54.34 46.96
Two-component weighting [69] 29.34 23.59 19.49 13.54 60.69 56.65 51.47 44.38

Divide and Retain [70] - - - - 59.47 55.21 50.68 -
Ours 204 1749 14.74 11.54 | 5745 52.07 4764 41.25

TABLE I

ACCURACY (%) ON THE MINI-IMAGENET DATASET

Method Backbone (1-shot 5-way|5-shot 5-way
MAML [72] ResNet12 [51.03 £ 0.50(68.26 4 0.47
L2F [73] ResNetl2 [57.48 £ 0.49(74.68 £ 0.43
CAML [74] ResNet12 (59.23 £ 0.99(72.35 £ 0.71
ALFA [75] ResNet12 [60.06 £ 0.49(77.42 4 0.42
MetaOptNet [76] ResNetl2 |62.64 4+ 0.61|78.63 + 0.46
MetaFun [77] ResNetl2 (62.12 £ 0.30(78.20 £ 0.16
DSN [78] ResNetl2 [62.64 £ 0.66(78.83 £ 0.45
Chen et al. [79] ResNetl2 [63.17 £ 0.23(79.26 + 0.17
MeTAL [80] ResNet12 (59.64 £ 0.38|76.20 £ 0.19
LEO [81] IWRN-28-10|61.76 £ 0.08|77.59 £ 0.12
Con-MetaReg [82] ResNet12 [53.68 £ 0.50(66.88 £ 0.42
Hyper ProtoNet [4] ResNetl8 [59.47 £ 0.20(76.84 = 0.14
Hyperbolic kernel [83] | ResNetl8 [61.04 + 0.21|77.33 £0.15
CurAML [84] ResNetl2 [63.13 £ 0.41|81.04 £ 0.39
Poincaré radial kernel [85]] ResNetl8 |62.15 £ 0.20(77.81 £ 0.15
Ours ResNetl2 [64.5 +0.23(82.1 +£0.15

TABLE III

ACCURACY (%) ON THE TIERED-IMAGENET DATASET

Method Backbone |1-shot 5-way |5-shot 5-way
ProtoNet [86] ResNet12 [53.51 £ 0.89|72.69 + 0.74
MAML [72] ResNet12 |58.58 £ 0.49 | 71.24 +0.43

L2F [73] ResNet12 [63.94 £0.48 | 77.61 £ 0.41
ALFA [75] ResNet12 [64.43 £0.49 [81.77 £0.39

DSN [78] ResNetl2 |66.22 £ 0.75 | 82.79 4 0.48
MetaOptNet [76] ResNet12 [65.99 £0.72 |83.28 + 0.12
MetaFun [77] ResNetl2 |67.72 £0.14 | 78.20 = 0.16
Chen et al. [79] ResNet12 |68.62 £ 0.27 |83.74 + 0.18
MeTAL [80] ResNet12 |63.89 £ 0.43 |80.14 &+ 0.40
LEO [81] 'WRN-28-10| 66.33 & 0.05 | 81.44 + 0.09
Con-MetaReg [82] ResNetl2 | 54.41 + 0.53 |68.23 4+ 0.47
Hyper ProtoNet [4] ResNet18 |54.44 £ 0.23 | 71.96 = 0.20
Hyperbolic kernel [83] | ResNetl8 |57.78 £0.23 | 76.48 = 0.18
CurAML [84] ResNet12 |68.46 £ 0.56 | 83.84 4 0.40
Poincaré radial kernel [85]| ResNetl8 |65.33 4+ 0.21 | 77.48 £ 0.20
Ours ResNet12 [71.56 + 0.46|85.75 + 0.20

1) Training Time: We compared our training time for each
outer-level step with that of the unrolling methods for different
numbers of optimization steps in the inner-level process.
Results on the RMO task are shown in Table IV, and results
on RHO tasks are shown in Table V. For unrolling methods,
training time is highly related to the number of inner-level
optimization steps, leading to high time costs. In contrast,
the training time of our method is a small constant value,
independent of the number of inner-level optimization steps.
As a result, our method reduces much time consumption. For

example, when T = 165, the unrolling method requires a factor
of 45 times our method on the PCA task. This allows us to use
more inner-level steps, improving optimization performance
and stability.

2) Training Memory: We evaluate the memory consump-
tion of our method, and results are shown in Tables VI and V.
Similar to the results of training time, our method requires less
memory, regardless of the number of inner-level optimization
steps. For example, when T = 165, the compared methods
require a factor of 1.93 times of our method on the PCA task.

E. Comparison With Implicit Differentiation in E-RMO

E-RMO method [5] introduces implicit differentiation to the
RMO task, which is the only implicit differentiation method
on Riemannian manifolds. In this section, we compare our
method with E-RMO. For implementing ID-RMO on other
tasks (RHO and RML), we first derive the outer gradients
for other tasks by case-by-case analysis. Then, we utilize
the inner-level loss function £(-) and RSGD [7] algorithm to
approximate X*. Finally, we compute the implicit gradients
for other tasks and utilize the gradient descent algorithm to
update 6.

1) Convergence Analyses: We conduct convergence analy-
ses on the RMO and RHO tasks. In terms of RMO, we first
train the learnable Riemannian optimizer on the training set.
Then, we utilize the trained learnable optimizer to optimize
the Riemannian parameters on both the training set and the
test set. Results are shown in Fig. 3. As to RHO, experiments
are conducted by training models on the training set, while
computing the loss on the test dataset. Results are shown
in Fig. 4. Both tasks exhibit similar trends: the proposed
method outperforms all compared methods, achieving superior
performance. This is due to its ability to obtain higher-
precision inner-level solutions by utilizing the second-order
information in £’.

We further conduct experiments to validate that the intro-
duced loss function £’(-) in our method improves the precision
of the converged inner-level parameters. Specifically, we
employ the inner-level objective defined in (53) and adopt the
inner-level optimization procedure from E-RMO to update the
inner-level parameters, respectively. We evaluate our approach
on two tasks, i.e., the RMO task (PCA on Grassmann man-
ifolds) and the RHO task. The results, shown in Fig. 5,
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TABLE IV

) COMPARISONS ON THE PCA TASK. “IMP.” REPRESENTS THE PERFORMANCE
IMPROVEMENT RATIO OF OURS OVER UNROLLING

Inner-Level Steps 5 25 45 65 85 105 125 145 165
Unrolling 024 324 987 19.8 33.2 50.1 70.5 94.6 122
Ours 0.16 048 0.80 1.11 1.42 1.77 2.05 2.41 2.68
Imp. 50% 58% 113% 168% 224% 273% 334% 383% 445%
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Fig. 3. Convergence analyses on the RMO task.
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Fig. 4. Convergence analyses on the RHO task.

TABLE V

TRAINING MEMORY (MB) AND TIME (SECONDS) COMPARISONS ON THE
RHO TASK. “IMP.” REPRESENTS THE PERFORMANCE IMPROVEMENT
RATIO OF OURS OVER UNROLLING

Training time Training memory

Innesliélpgvel Unrolling Ours Imp. Unrolling Ours Imp.
3 749 250 200% 4.78 x 10° 2.56 x 10° 88%
4 782 291 169% 6 x 10° 2.56 x 10° 134%
5 849 324 162% 7.27 x 10% 2.56 x 10° 184%

demonstrate that our method achieves faster convergence and
smaller converged loss values. On the RMO task, our method
converges to a loss of 2.45 on both the training and testing
sets, while E-RMO converges to 2.64. On the RHO task,
our method converges to 0.10 on the training set and 3.01
on the validation set, whereas E-RMO converges to 0.39
and 3.30, respectively. These results indicate that our method
consistently achieves lower final losses. Furthermore, we com-
pute the norm of the gradients of the converged inner-level
parameters. On the RMO task, the gradient norm is 0.0065

for our method, compared to 0.0233 for E-RMO. On the
RHO task, our method yields a norm of 0.0008, while E-RMO
yields 0.0012. These smaller gradient norms and lower final
losses indicate that our method achieves higher precision in
the obtained inner-level parameters.

2) Accuracy Analyses: Accuracy analyses are conducted on
the RHO task and the RML task. Results of RHO and RML
task are shown in Tables VII and VIII, respectively. Results
show that the Riemannian implicit differentiation method
achieves the best performance, demonstrating the superiority
of the proposed method.

The reasons why our method outperforms MAML are
twofold.

1) MAML is a bilevel optimization method in Euclidean
spaces, whereas our method formulates this problem as
a bilevel optimization in Riemannian manifolds. Con-
cretely, we leverage hyperbolic geometry to represent
image features, which is more effective in capturing
the inherent hierarchical structures present in many
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TABLE VI

TRAINING MEMORY (MB) COMPARISONS ON THE PCA TASK. “IMP.” REPRESENTS THE PERFORMANCE
IMPROVEMENT RATIO OF OURS OVER UNROLLING

Inner-Level Steps 5 25 45 65 85 105 125 145 165
Unrolling 5.87 x 103 6.42 x 10% 7.05 x 10% 7.68 x 10° 8.31 x 10% 9.34 x 10° 9.98 x 10° 10.62 x 10? 11.03 x 103
Ours 5.68 x 10° 5.68 x 10 5.68 x 10° 5.68 x 10 5.68 x 10° 5.68 x 10° 5.68 x 10° 5.68 x 10° 5.68 x 10°
Imp. 3% 13% 24% 35% 46% 64% 76% 87% 94%
Training set with p = 128 Testing set with p = 128 Training loss on CIFAR-LT-100 Validation loss on CIFAR-LT-100
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£, M
K g g3 g ! ‘
835 735 2 M}IL d ‘ L I \ | Md |
30 30 - j M *J}L"V\“l - 4 P I l ’l J‘ ‘ ﬂ)
25 25 0 3
0 2000 4000 6000 0 2000 4000 6000 0 50 100 150 200 0 50 100 150 200
Iteration Iteration Epoch Epoch
Analyses on the Riemannian meta-optimization task Analyses on the Riemannian hyperparameter optimization
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Fig. 5. Comparison of different inner-level optimization processes.
TABLE VII
ACCURACY ANALYSES ON THE RHO TASK
CIFAR-LT-10 CIFAR-LT-100
Imbalance Ratio 200 100 50 20 200 100 50 20
Two-component weighting [69] 29.34 23.59 19.49 13.54 60.69 56.65 51.47 44.38
E-RMO 26.2 22.04 18.32 14.73 59.04 55.42 50.56 43.95
Ours 20.40 17.49 14.74 11.54 57.45 52.07 47.64 41.25

TABLE VIII
ACCURACY ANALYSES ON THE RML TASK

mini-ImageNet tiered-ImageNet
1-shot 5-way | 5-shot 5-way 1-shot 5-way | 5-shot 5-way
MAML [72] 51.03 +0.50 68.26 +0.47 58.58 +0.49 71.24 +0.43

E-RMO 63.38 £ 0.36 80.1 £0.54 70.06 £ 0.66 84.44 +£0.27
Ours 64.5 +£0.23 82.1+£0.15 71.56 +0.46 85.75+0.20
TABLE IX

ANALYSIS OF NEUMANN SERIES ON CIFAR-LT-10/CIFAR-LT-100

CIFARIO-LT CIFAR100-LT
Imbalance Ratio 200 100 50 20 200 100 50 20
Neumann series K = 2 20.40 17.49 14.74 11.54 57.45 52.07  47.64 41.25
Neumann series K = 4 20.60 17.70 14.31 11.91 57.70 52.91 47.42 41.58
Neumann series K = 6 20.75 18.05 14.53 11.85 57.75 52.58 47.76 41.14
Neumann series K = 8 20.09 16.94 14.48 11.86 57.48 52.31 48.28 41.38
Neumann series K = 10 20.87 17.3 14.96 12.13 56.95 52.81 47.75 41.32

real-world datasets, leading to more expressive feature inner-level optimization length incurs significant
representations and improved downstream task perfor- computational loads. In contrast, our method decouples
mance [4]. the costs of outer gradient computation from the

2) MAML is an exact unrolling method and, as such, inner-level optimization process. This allows us to use a
suffers from the well-known dilemma between larger number of inner-level iteration steps 7 to improve
computational cost and the bias issue. Specifically, a optimization stability and quality without increasing
short inner-level optimization length leads to unstable time or memory complexity, ultimately leading to better
optimization and suboptimal solutions, while a long performance.
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F. Analysis of the Neumann Series K

We utilize the Neumann series to approximate the gradients
of the outer-level parameters 6. As shown in Theorem 2, the
approximation error is related to K, where more Neumann
series can lead to less approximation error and more training
time. We utilize the Riemannian hyperparameter-optimization,
i.e., long-tailed classification task to analyze the Neumann
series K. Results are shown in Table IX, which exhibit that
our method is not agnostic about the Neumann series K. We
consider the reason is that the approximation error is small
enough when K = 2, and the decline of the approximation
error is limited by increasing K. This also demonstrates that
the approximation error in our method is controllable.

VII. CONCLUSION

In this article, we have extended the implicit differentiation
method to various Riemannian bilevel optimization tasks. We
have presented a Riemannian implicit differentiation method
for Riemannian bilevel optimization by modeling the inner-
level optimization as a root-finding process of the fixed-point
equation. The proposed method can remove any requirements
for case-by-case derivations and can be applied to a variety
of different Riemannian optimization tasks directly. Moreover,
we have presented convergence analysis and approximation
error analysis for our method, which demonstrates our method
can be applied to various Riemannian optimization tasks
effectively. Experiments of three Riemannian optimization
tasks on different manifolds demonstrate the superiority of our
method.

Neural ordinary differential equations (ODE)-type methods
have shown effective performance in certain scenarios. Apply-
ing such methods to bilevel optimization problems could be
a promising direction. Specifically, the dynamics of various
inner-level optimization processes across different settings can
be formulated using neural ODE-type frameworks, and the
corresponding outer gradients can then be computed via the
implicit function theorem. However, due to the nonlinear con-
straints inherent in Riemannian optimization, these methods
are not directly applicable to Riemannian bilevel problems.
In particular, Riemannian inner-level optimization involves
pointwise, time-independent operations such as retraction and
orthogonal projection, which do not define continuous-time
flows as ODEs do. As a result, Riemannian inner-level opti-
mization cannot be interpreted as Euler discretizations of
continuous dynamical systems, making it infeasible to obtain
inner-level solutions using neural ODE-type methods. There-
fore, current neural ODE-type methods cannot be directly
applied to Riemannian bilevel optimization. In the future, we
are interested in addressing the aforementioned challenges
and exploring continuous-time Riemannian dynamics that may
allow the application of neural ODE-type methods to Rieman-
nian bilevel optimization.

A possible failure mode of our method arises when the
inner-level optimization problem admits multiple solutions.
In such cases, the inner-level parameters may converge to
a suboptimal solution, which in turn leads the outer-level
optimization to also converge to suboptimal parameters. This

cascading effect can ultimately result in degraded overall
performance. In the future, we will propose an effective
method for Riemannian bilevel optimization where inner-level
objectives have multiple solutions.
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